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INTRODUCTION
Piezoelectric transformers (PTs) are rapidly replacing magnetic transformers in a lot of low-power applications. In particular, in the field of cold cathode fluorescent lamp (CCFL) inverters [1] [2] [3] [4] [5] , they offer several advantages as compared to magnetic transformers, such as:
• inherent high gain at no load, that provides the lamp ignition voltage;
• load dependent gain that avoids the use of the ballast capacitor in series with the lamp; • absence of leakage magnetic field;
• high Q factor, that gives low distorted sinusoidal lamp current waveform; • small size and weight;
• high reliability due to the absence of a high voltage secondary winding.
Their behavior is well understood and the inverter design is easily carried out by using a PT linear model (Rosen-type, see [6, 7] ) and considering a constant load resistance corresponding to the lamp nominal power. However, the non linear nature of the lamp equivalent resistance can cause unexpected behaviors when used in conjunction with PTs. In the following sections, these behaviors are analyzed by using both an analytical approach and simulations, and are verified by experimental measurements.
II. CONVERTER DESCRIPTION
The converter structure we want to analyze is shown in Fig. 1 : a half-bridge voltage-fed inverter supplies a symmetric square wave voltage u inv to the PT through a coupling inductor L s , that is employed to obtain zero-voltage commutations of the inverter switches. The well known Rosen-type model is used to describe the PT behavior around its fundamental resonant Table I . In the following, the theoretical analysis and all simulations will use these parameter values. Even if many attempts have been made to avoid the coupling inductor by exploiting the PT internal inductive energy to discharge the input capacitance C i [1, 8, 9] , we chose to use L s in order to be able to employ different PTs not specifically designed to achieve ZVS without the coupling inductor. Thus, as stated above, the coupling inductor L s is designed so as to make the input impedance Z g present a positive phase at the switching frequency or, in other words, to make the inverter output current lag the voltage. As an example, Fig. 2 reports the PT input impedance (Z i ) phase and the overall input impedance (Z g ) phase as a function of the normalized frequency f N =f/f S , where
is the PT series resonance frequency. These curves have been derived using an L s value of 38 µH and a load resistance of 152 kΩ corresponding to a lamp rated 910 V RMS at 6 mA RMS .
As we can see, between f 1 = 58.8 kHz and f 2 = 64.3 kHz the Z g input impedance phase is positive, thus giving a chance to have zero voltage turn-on for the inverter switches (the positive input impedance phase is only a necessary but not sufficient condition, because the inverter output current must be high enough at turn-on instants to charge and discharge the switch output capacitors). The presence of the coupling inductor modifies also the overall voltage conversion ratio. This can be observed in Fig. 3 We developed a prototype circuit and tested it on a 6 W CCFL (910 V RMS at 6 mA RMS ) and different types of commercial PTs, noting several unexpected phenomena. In open loop conditions, that is with no control of the lamp current, the system showed two different types of instability, one at the large signal level, apparently related to a non-linear relation between the U A voltage and the lamp current, and another at the small signal level. The former determined, in certain conditions, the impossibility to get smoothly to the desired operating point: the lamp drew a very small current even when a large input voltage was applied and then, all of a sudden, snapped to a very high current absorption. The latter determined persistent oscillations on every circuit variable around the desired operating point values. In the following we describe the investigation of these instability phenomena.
III. LAMP MODEL
Usually, analysis of piezoelectric lamp ballasts is carried out with a constant load resistance that simulates the lamp behavior at steady state and considering only the fundamental component U 1 of the inverter voltage u inv ( Fig. 1) , thus simplifying the overall design process. Considering a constant load resistance allows to easily design the power supply in terms of dc input voltage, switching frequency, component stresses. Also the coupling inductance value can be easily determined, as explained in the previous section. However, neglecting the non linear nature of the lamp impedance hides many important phenomena, like those we are going to discuss in the following sections. To better describe the lamp behavior we considered two different lamp models, that were used both in simulations and for a mathematical analysis of the system. Both models are based on the approximation of the equivalent resistance variation according to the following equations:
where the lamp resistance is approximated by an exponential function of the lamp power [10] and
where the RMS lamp voltage is expressed as a combination of two exponential terms related to the RMS lamp current I o , and the equivalent resistance is calculated accordingly [11] . All parameters have to be selected based on lamp measurements and are given in Table II.   TABLE II. ADOPTED Actually, the model proposed in [10] also employs two exponential terms to better approximate the real lamp behavior, but we chose to use the simpler relation (2.a), since this was enough to reach a good match of the lamp characteristics. Fig. 4a shows the plots of relations (2.a) and (2.b), together with some measurements taken on our 6 W lamp. The lamp resistance models allow to derive the relation between the lamp voltage and current, that is reported in Fig. 4b : the characteristic shows the typical small-signal negative resistance at lamp currents higher than 2 mA RMS .
IV. SMALL-SIGNAL ANALYSIS
In principle, the interaction between the negative small-signal lamp resistance and the Rosen-Type PT model would always imply an unstable system. This fact can be easily explained, at least qualitatively: the negative lamp resistance makes any increase in the lamp voltage cause a decrease of the lamp current and a consequent increase of lamp resistance. With a bigger load resistance, the equivalent resonant circuit of the PT becomes less damped and, consequently, its voltage gain also increases, thus enhancing the initial lamp voltage change. This is a positive feedback system behavior. In practice, however, most of the combinations between PTs and CCFLs work quite well and no instability is observed. The reason for this is that relations (2.a) and (2.b) only hold at steady-state, while, in practice, when the lamp power changes the equivalent lamp resistance changes only after a certain delay. This is indirectly taken into account also in the lamp SPICE models, by using a first order low pass filter [10, 11] to compute the average power and RMS current values required by equations (2.a) and (2.b) respectively. However, this delay is needed in the SPICE model to allow the generation of constant equivalent resistance values and, consequently, undistorted lamp current and voltage waveforms. In the physical device instead, the delay is inherent, being mainly related to the dependence of the lamp characteristics on temperature and to the non-zero thermal capacitance of the lamp. So, lamp SPICE models actually mix things up, under this point of view, since there is no relationship between the delay required by proper model operation and the physical delay implied by thermal phenomena inside the lamp. Since we are interested in the latter, we modified the lamp equivalent models by introducing a fast RMS current and average power computation, and a delay block just to describe the physical lamp behavior. This was done easily by using Simulink, while could be fairly complicated in SPICE. Once modified, the models were capable of reproducing the steady state behavior of the lamp and the internal lamp delay.
We now move to investigate the possible instability by linearizing each lamp model around an operating point under small-signal approximation. To this purpose, we begin perturbing (2.a) and obtaining: 
where U o and I o are steady state RMS lamp voltage and current, û o and î o are perturbed quantities, and G L (s) = 1/(1+s/ω L ) is a low pass filter that takes into account the aforementioned delay. From (3), separating steady-state and small-signal perturbed terms, using the first order approximation for the exponential terms, and neglecting products of perturbed variables, we derived the following expression for the small-signal lamp impedance: 
The same procedure has been followed for model B, by perturbing (2.b) multiplied by the low-pass transfer function G L to account for the delay. This yields:
where R L0 is given by:
Using (4) and (5) with the Rosen-Type PT model, we found the system poles, taking into account also the coupling inductor L s . Fig. 5a reports the system pole trajectories for model A, Fig. 5b for model B. Both are calculated at I o = 6 mA RMS , for increasing values of the lamp angular frequency ω L and with L s = 28 µH. As we can see in Fig. 5 .a at ω L = 174 krad/s two complex conjugate poles cross the imaginary axis, giving rise to an unstable system. In Fig. 5 .b we can see almost the same result. This means that the reasoning reported at the beginning of this section is theoretically sound, confirmed by two different lamp models.
Above some critical ω L (i.e. below a minimum internal lamp delay) the system may become unstable. We verified that the occurrence of instabilities is a correct prediction both by simulations and by experimental tests. We simulated the system both with SPICE, using model A, and with Simulink, using both models A and B, achieving the results shown in Fig. 6a : the simulated oscillation frequency is about 10 kHz with model A, but gets down to 7 kHz with model B.
Finally, we checked that with our lamp, the instability occurs also in the experimental set-up. Measured instabilities are shown in Fig. 6b . The experimentally observed oscillation frequency is around 6 kHz, quite matching the expected value (at least with model B).
Several comments need to be done here. It is first of all important to notice that our system operates in an open loop arrangement: there is no feedback loop wrapped around it. So we are discussing inherent instability phenomena, not related to bad compensator design. Observing the waveforms of Fig. 6 we can see that the oscillation frequency for the system is not equal to the frequency of the system poles at the critical ω L value (which is easily computable from Fig. 5 , given the imaginary part magnitude of the poles at the crossover). This is because we are observing a highly non-linear system, where the resulting oscillation frequency is a limit-cycle frequency. This is started and sustained by the small signal instability, but it is not easily related to the latter.
Given the relatively high value of ω L , the simulation with SPICE is not always capable of replicating the phenomena described in Fig. 6 , because the lamp waveforms tend to be too 
V. LARGE-SIGNAL ANALYSIS
The second aspect we are going to investigate is the steady-state gain relation between the controlled variable, i.e. the lamp RMS current I o , and the input variable, i.e. the half-bridge dc voltage U A . To this purpose a simple MATLAB program was used that, starting from the lamp current, calculates the lamp voltage and resistance from both models A and B, and, from the Rosen-type model parameter knowledge, finds the dc voltage value that produces the desired lamp voltage, at a given switching frequency. Fig. 7 shows the results of the analysis done at f s = 65 kHz for two different values of the coupling inductor L s , together with experimental measurements: as we can see, for L s = 54.9 µH, the gain curve is no longer monotonic. This means that at a given input dc voltage may correspond three different lamp current values, one of them being an unstable operating point.
In spite of significant quantitative differences, the qualitative behavior is well predicted by the model that correctly explains the observed phenomena. Plotting these curves for different L s values can be very helpful in the selection of the coupling inductor, allowing to avoid the uncontrollability of the system. above 30 µH determines a severe non linearity of the characteristic that makes the system uncontrollable. These curves, together with the ones related to soft-switching converter operation, reported in Section II, allow to choose an initial L s value. This needs to be experimentally refined, since the model predictions are not sufficiently reliable (Fig. 7) for direct design. The critical L s value may be significantly different from the expected one. Finally, it is worth noting that the large signal instability discussed here is closely related to the chosen control strategy (control of lamp current by dc link voltage variation). Different strategies, like the variable frequency approach could behave differently. Further investigation is required to clarify this point.
VI. CONCLUSIONS
It has been shown that the non-linear equivalent lamp resistance of a cold cathode fluorescent lamp can cause instabilities when the lamp is driven by a piezoelectric transformer. Such instabilities depend not only on the PT parameters and lamp characteristics, but also on the coupling inductor usually employed between the inverter and the PT in order to achieve soft commutation of the inverter switches. SPICE simulations and analytical models have been employed to justify the unstable behaviors observed in different experimental prototypes.
